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Abstract
Let u1 and u2 be two different positive smooth solutions of the equation
∆u+ n(n− 2)un+2n−2 = 0 in IRn (n ≥ 3) .
By a result of Gidas, Ni and Nirenberg,
u1(x) =
(
λ1
λ21 + |x− ξ1|2
)n−2
2
and u2(x) =
(
λ2
λ22 + |x− ξ2|2
)n−2
2
for x ∈ IRn. Here ξ1 , ξ2 ∈ IRn are fixed points and λ1 and λ2 are positive
numbers. Let u be a positive C2-function on IRn such that u = u1 in Ω1
and u = u2 in Ω2, where Ω1 and Ω2 are disjoint non-empty open domains
in IRn. u satisfies the equation
∆u+ n(n− 2)Kun+2n−2 = 0 in IRn,
where
K(x) :=
−∆u(x)
n(n− 2)un+2n−2 (x)
for x ∈ IRn.
By the same result of Gidas, Ni and Nirenberg, K 6≡ 1 in IRn. In this paper
we discuss lower bounds on sup
IRn
|K − 1| . Relation with decay estimates at
the isolated singularity via the Kelvin transform is also expounded.
KEY WORDS: scalar curvature estimates, combining solutions, decay estimates.
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1. Introduction
In this article we consider the quantitative behavior of the scalar curvature equation
(1.1) ∆u+ n(n− 2)Ku n+2n−2 = 0 in IRn, n ≥ 3 .
Here K is a smooth function. Equation (1.1) receives extensive studies in con-
nection with the analysis of nonlinear differential operators in IRn and conformal
deformations of Riemannian metrics (see, for examples, [1], [4], [8], [14], [15], [16],
[17], [18], [20], [23], [24], [25], [26], [27], [30] and the references within). We con-
sider the influence of the form of u on K. Our study is motivated by questions
on slow decay for positive solutions of equation (1.1) in IRn, when K close to,
but not identically equal to, one. In case a solution u fails to have slow decay, it
develops bubbles which are modeled after the spherical solutions (see §2). We are
interested in understanding particular values of K when u is known to be similar
to the spherical solutions at certain regions. The investigation leads to estimates
on how large |K(x)− 1| can be for some x.
Let u1 and u2 be two different positive smooth solutions of the equation
(1.2) ∆u+ n(n− 2) u n+2n−2 = 0 in IRn.
By a salient result of Gidas, Ni and Nirenberg ([10], [11]; cf. [3]),
(1.3) u1(x) =
(
λ1
λ21 + |x− ξ1|2
)n−2
2
and u2(x) =
(
λ2
λ22 + |x− ξ2|2
)n−2
2
for x ∈ IRn (these are known as spherical solutions). Here ξ1 , ξ2 ∈ IRn are fixed
points, and λ1 and λ2 are positive numbers. For a positive C
2-function u on IRn.
define the K-function (or curvature function) of u to be
(1.4) K(x) :=
−∆u(x)
n(n− 2) u n+2n−2 (x)
for x ∈ IRn.
With the function K, u satisfies equation (1.1). Suppose that u = u1 in Ω1 and
u = u2 in Ω2, where Ω1 and Ω2 are disjoint non-empty open domains in IR
n. By
the same result of Gidas, Ni and Nirenberg, K 6≡ 1 . Our task is to provide lower
bounds on sup
IRn
|K − 1| .
2
In the consideration of slow decay for positive smooth solutions of equation
(1.1) in IRn, the blow-up analysis involves functions of the form (1.3) (cf. §2).
Assume that a2 ≤ K(x) ≤ b2 for x ∈ IRn, where a and b are positive numbers.
One may ask whether when a/b is close to one, positive smooth solutions u of (1.1)
have the slow decay
(1.5) u(x) ≤ C|x|(n−2)/2 for |x| ≫ 1 .
Here C is a positive constant. To establish (1.5) is an important first step toward
a better understanding on the properties of u, which include asymptotic symmetry
and completeness (cf. [4], [7] and [19]). See also [17] and [18] for relation of slow
decay to asymptotic geometry. Information on slow decay is helpful in finding
solutions of equation (1.1), which is also related to the Kazdan-Warner problem
[2] [13].
By studying addition of spherical solutions, Taliaferro constructs positive
solutions without slow decay and considers the ratio a/b . This leads him to for-
mulate a conjecture pertaining slow decay and a/b ([28], cf. also [23] and [29]).
Separately, C.-S. Lin conjectures in [23] that if the Kelvin transform of K, given
by K(x/|x|2) for x 6= 0, extends as a Ho¨lder-continuous function across the origin,
then every positive smooth solutions of (1.1) has slow decay. Recently the author
in [21] constructs counter-examples to the conjecture of Lin when n > 4, and to
Taliaferro’s conjecture. It appears that (n − 2)/2 is a critical order and one may
ask the question: Suppose that
|K(x)− 1| ≤ C|x|−n−22 for |x| ≫ 1 ,
where C is a positive constant, does every positive C2-solution u of equation (1.1)
have slow decay (1.5)? The questions on slow decay, together with its applications,
are key motivations for us to investigate blending spherical solutions.
In §2 we discuss the appearance of bubbles, the blow-up analysis that is
essential in the study of equation (1.1) when K > 0 . The glue-in of a spherical
solution is described in the §6, together with estimates on the change of the K-
function. In §3 and §4, we prove the following main results.
3
Theorem A. Consider a positive function u ∈ C2(IRn) with
u(x) = u1(x) =
(
λ1
λ21 + |x|2
)n−2
2
for |x| < ρ
and
u(x) = u2(x) =
(
λ2
λ22 + |x|2
)n−2
2
for |x| ≥ R .
Here 0 < ρ < R are positive numbers. Assume that either
(1.6)
λ1
λ2
≤ ρ
2
R2
(
1
1 + λ22/R
2
)
, or
λ21
λ22
≥ 3(n+ 2)
2(n− 2)
(
1 +
R4
λ42
)
.
Then the K-function of u satisfies
(1.7) sup
x∈Bo(R)
|K(x)− 1| ≥ n+ 2
n
.
By using the Kelvin transform, there is a dual condition to (1.6) (remark
4.20). Taking into the account of the ratio ρ : λ1 , the first condition in (1.6) can
be interpreted as a relation between the values of u1 and u2 on the boundaries (see
remark 4.13).
Theorem B. Let D1 and D2 be disjoint open domain in IR
n with
Bξ1(r1) ⊂ D1 and Bξ2(a) ⊂ D2 ,
where ξ1 , ξ2 ∈ IRn, and r1 and a are positive numbers. Consider a positive C2-
function u on IRn with
u(x) = u1(x) =
(
λ1
λ21 + |x− ξ1|2
)n−2
2
for x ∈ D1
and
u(x) = u2(x) =
(
λ2
λ22 + |x− ξ2|2
)n−2
2
for x ∈ D2 .
Assume that both u and the K-function of u have removable singularities at the
origin under the Kelvin transformation x 7→ x/|x|2 , x 6= 0. Given a number σ ≥ 1,
if r1 ≥ λ1 , a ≥ λ2 and
(1.8)
λ22
λ21
≥ 8nn |ξ1 − ξ2|
4
r41
(σ2 + 6) ,
4
then we have
(1.9) sup
x∈IRn
|K(x)− 1| ≥ n + 2
2n
σ2 .
In the last section we apply the idea of estimating K-functions to study
slow decay (1.5) of positive solutions of equation (1.1). We find restriction on the
“depths” of bubbles.
Throughout this article n is an integer bigger than two, and Bx(r) is
the open ball in IRn with center at x and radius r > 0 . In conformity with the
convention, we denote by C, C ′, Co, C1, ... various positive constants, which may
be different from section to section, unless it is stated otherwise.
2. The Blow-up Situation
In order to discuss the asymptotic behavior of equation (1.1) near infinity, we apply
the Kelvin transformation x 7→ x/|x|2 and consider a positive smooth solution u
of the equation
(2.1) ∆u+ n(n− 2)Ku n+2n−2 = 0 in Bo(1) \ {0} ,
where K is a smooth function on Bo(1) \ {0} . We examine the isolated singularity
of u at 0. Precisely, assume that u does not satisfy the slow decay
(2.2) u(x) ≤ Co|x|(n−2)/2 for x with small |x| , x 6= 0 .
Given a small positive number ε and x ∈ Bo(5/8) \Bo(ε), define
dε(x) := min {|x| − ε , 5/8− |x|} and Uε(x) := [dε(x)]n−22 u(x) .
Let
(2.3) Mε := max
Bo(5/8)\Bo(ε)
Uε .
Suppose that Uε achieves the maximal value Mε at a point xo ∈ Bo(5/8) \Bo(ε) .
We normalize the solution and spread it out by setting
(2.4) λ :=
1
[u(xo)]
2
n−2
and wλ(x) := λ
n−2
2 u(xo + λx) =
u(xo + λx)
u(xo)
.
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Assume that
(2.5) lim
x→0
K(x) = 1 and |x| · | ▽K(x)| ≤ C1 for x ∈ Bo(5/8) \ {0} .
As (2.2) fails to hold, we may assume that Uε(xo) is large when ε is small.
Bubbles start to emerge in the following sense (see [15] and [20], cf. [9]). Given
any positive constants R and δ ∈ (0, 1/2] , there is a positive constant C depending
on n, R and δ only, such that if Mε ≥ C, then
(2.6) ‖wλ − uµ, yo‖C2(Bo(R)) < δ .
Here
uµ, yo(x) =
(
µ
µ2 + |x− yo|2
)n−2
2
for x ∈ IRn
is a spherical solution. From (2.3) and (2.4), we note that
(2.7) λ =
dε(xo)
M
2
n−2
ε
<
5
8
1
M
2
n−2
ε
≤ 5
8
1
C
2
n−2
.
It is rather clear that there are infinite number of bubbles if (2.2) fails to
hold. Indeed, let C ′ be a positive number such that
C ′ > (5/8)
n−2
2 u(xo) > C .
Here C is the same constant as in (2.7). There exist a small positive number ε′
and x ∈ Bo(5/8) \ Bo(ε′) such that Uε′(x) ≥ C ′ . The function Uε′ reaches the
maximum at a point x′ ∈ Bo(5/8) \Bo(ε′). As
d
n−2
2
ε′ (x
′) u(x′) = Uε′(x
′) ≥ C ′ > (5/8)n−22 u(xo)
and dε′(x
′) < 5/8 , we conclude that x′ 6= xo. A bubble estimate of the form (2.6)
holds near x′ for u. Let λ′ := [u(x′)]− 2/(n−2). Given the number R, if C ′ is large
enough, then we have Bxo(λR) ∩ Bx′(λ′R) = ∅ .
Innate to the construction, we find small flexibility on the choice of the
center. We may shift the center to a nearby point x1 (cf. [15]) and obtain
(2.8) ‖u1,0 − wλ‖C2(Bo(R)) < δ .
6
Here wλ(x) becomes λ
(n−2)/2u(x1+λx) . The distance between xo and x1 is bounded
by cn λ, where cn is a positive constant that depends on n only (cf. [15]). Using
the change of variables y = λ x (without loss of generality, we may assume that
λ < 1), (2.8) implies that
(2.9)
∥∥∥∥
(
λ
λ2 + |y|2
)n−2
2
− u (x1 + y)
∥∥∥∥
Co(Bo(λR))
< δ λ
2−n
2
and
(2.10)
∥∥∥∥
(
λ
λ2 + |y|2
)n−2
2
− u (x1 + y)
∥∥∥∥
C1(Bo(λR))
<
δ
λ
λ
2−n
2
for |y| < λR . In addition, R can be as large as required.
Under condition (2.5), it is not known to us whether positive smooth
solutions of equation (2.1) must have slow decay. For further discussion on the
blow-up analysis and slow decay, we refer to [5], [6], [22] and [23].
3. Estimates
Let H(x, ξ) be the fundamental solution for the Laplacian on IRn. It is given by
H(x, ξ) =
1
(2− n)ωn
1
|x− ξ|n−2
for x, ξ ∈ IRn with x 6= ξ , where ωn is the volume of the unit sphere in IRn. We
have H < 0 .
Theorem 3.1. Let Ω1, Ω2 and Ω be non-empty domains in IR
n with
Ω1 ⊂ Ω2 ⊂ Ω2 ⊂ Ω .
Assume that the boundary ∂Ω2 of Ω2 is smooth. Consider two positive smooth
solutions u1 and u2 of the equation
(3.2) ∆u+ n(n− 2) u n+2n−2 = 0 in Ω .
Let uc be a positive C
2-function on Ω with uc = u1 in Ω1 and uc = u2 in Ω \ Ω2 .
The K-function of u is given by
K(x) := − ∆uc(x)
n(n− 2) [uc(x)]
−n+2
n−2 for x ∈ Ω ,
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so that
∆uc + n(n− 2)Ku
n+2
n−2
c = 0 in Ω .
For any ξ ∈ Ω1 we have
(3.3) 4n
∫
Ω2
H(x, ξ) [K(x)− 1 ] dx
= u
− 4
n−2
1 (ξ)− u
− 4
n−2
2 (ξ)
+ (n+ 2)
∫
Ω2
|H(x, ξ)|
(∣∣∣∣▽ u− 2n−2c (x)
∣∣∣∣2 −
∣∣∣∣▽ u− 2n−22 (x)
∣∣∣∣2
)
dx .
Proof. We have
∆f(u) = f ′(u)∆u+ f ′′(u)| ▽ u|2,
where f is a smooth function on IR+. Hence we obtain
(3.4) ∆u
− 4
n−2
c = − 4
n− 2 u
−n+2
n−2
c ∆uc +
(
4
n− 2
)(
n+ 2
n− 2
)
u
− 2n
n−2
c | ▽ uc|2
= 4nK + (n+ 2)
∣∣∣∣▽ u− 2n−2c
∣∣∣∣2.
Given ξ ∈ Ω1 ⊂ Ω2, it follows from the representation formula ([12], §2.4, p. 18)
that
(3.5) u
− 4
n−2
c (ξ) =
∫
Ω2
H(x, ξ)∆u
− 4
n−2
c (x) dx
+
∫
∂Ω2
[
u
− 4
n−2
c (x)
∂H(x, ξ)
∂nx
−H(x, ξ) ∂
∂nx
(
u
− 4
n−2
c (x)
)]
dSx
= 4n
∫
Ω2
H(x, ξ)K(x) dx+ (n+ 2)
∫
Ω2
H(x, ξ)
∣∣∣∣▽ u− 2n−2c (x)
∣∣∣∣2 dx
+
∫
∂Ω2
[
u
− 4
n−2
c (x)
∂H(x, ξ)
∂nx
−H(x, ξ) ∂
∂nx
(
u
− 4
n−2
c (x)
)]
dSx
= 4n
∫
Ω2
H(x, ξ)K(x) dx− (n+ 2)
∫
Ω2
|H(x, ξ)|
∣∣∣∣▽ u− 2n−2c (x)
∣∣∣∣2 dx
+
∫
∂Ω2
[
u
− 4
n−2
c (x)
∂H(x, ξ)
∂nx
−H(x, ξ) ∂
∂nx
(
u
− 4
n−2
c (x)
)]
dSx ,
where n is the unit outward normal to ∂Ω2 . Likewise, we can draw the conclusion
that
8
(3.6) u
− 4
n−2
2 (ξ) = 4n
∫
Ω2
H(x, ξ) dx− (n+ 2)
∫
Ω2
|H(x, ξ)|
∣∣∣∣▽ u− 2n−22 (x)
∣∣∣∣2 dx
+
∫
∂Ω2
[
u
− 4
n−2
2 (x)
∂H(x, ξ)
∂nx
−H(x, ξ) ∂
∂nx
(
u
− 4
n−2
2 (x)
)]
dSx .
As uc = u2 on Ω \ Ω2 , it follows from (3.5) and (3.6)
u
− 4
n−2
c (ξ)− u−
4
n−2
2 (ξ)
= 4n
∫
Ω2
H(x, ξ) [K(x)− 1] dx − (n+ 2)
∫
Ω2
|H(x, ξ)|
∣∣∣∣▽ u− 2n−2c (x)
∣∣∣∣2 dx
+ (n+ 2)
∫
Ω2
|H(x, ξ)|
∣∣∣∣▽ u− 2n−22 (x)
∣∣∣∣2 dx .
Since uc(ξ) = u1(ξ) for ξ ∈ Ω1 , the above equality leads to
4n
∫
Ω2
H(x, ξ) [K(x)− 1 ] dx
= u
− 4
n−2
1 (ξ)− u
− 4
n−2
2 (ξ)
+ (n+ 2)
∫
Ω2
|H(x, ξ)|
(∣∣∣∣▽ u− 2n−2c (x)
∣∣∣∣2 −
∣∣∣∣▽ u− 2n−22 (x)
∣∣∣∣2
)
dx .
This completes the proof of theorem. ⊓⊔
Lemma 3.7. Let Ω be a bounded domain in IRn. Assume that Ω ⊂ Bxo(R) . We
have
(3.8)
∫
Ω
|H(x, ξ)| dx ≤ R
2
2(n− 2) for ξ ∈ Ω .
Proof. It suffices to show the case when Ω = Bo(R) . Let ξ ∈ Bo(R) and
W = Bo(R) ∩ Bξ(R) . Consider
I :=
∫
Bo(R)
|H(x, ξ)| dx and II :=
∫
Bξ(R)
|H(x, ξ)| dx = R
2
2(n− 2) .
We have |x− ξ| < R for x ∈ Bξ(R)\W , and |y− ξ| > R for y ∈ Bo(R)\W . From
the form of H and the symmetry of Bξ(R) \W and Bo(R) \W, one sees that
II =
∫
W
|H(x, ξ)| dx+
∫
Bξ(R)\W
|H(x, ξ)| dx
≥
∫
W
|H(x, ξ)| dx+
∫
Bo(R)\W
|H(x, ξ)| dx = I ,
9
and equality holds only if ξ = 0. Thus we obtain the result. ⊓⊔
From (3.3) we have
4n sup
x∈Ω2
|K(x)− 1|
∫
Ω2
|H(x, ξ)| dx
≥ u−
4
n−2
1 (ξ)− u
− 4
n−2
2 (ξ)
+ (n+ 2)
∫
Ω2
|H(x, ξ)|
(∣∣∣∣▽ u− 2n−2c (x)
∣∣∣∣2 −
∣∣∣∣▽ u− 2n−22 (x)
∣∣∣∣2
)
dx
for ξ ∈ Ω1 . If Ω2 ⊂ Bxo(R) , then it follows from (3.8) that
(3.9) sup
x∈Ω2
|K(x)− 1|
≥ n− 2
2n
R−2
[
u
− 4
n−2
1 (ξ)− u
− 4
n−2
2 (ξ)
+ (n+ 2)
∫
Ω2
|H(x, ξ)|
(∣∣∣∣▽ u− 2n−2c (x)
∣∣∣∣2 −
∣∣∣∣▽ u− 2n−22 (x)
∣∣∣∣2
)
dx
]
.
In §7 we seek to generalize the above result to the case where there is an isolated
singularity.
4. The Concentric Case
In (3.9), consider the case when Ω1 = Bo(ρ) , Ω2 = Bo(R), and
(4.1) u1(x) =
(
λ1
λ21 + |x|2
)n−2
2
and u2(x) =
(
λ2
λ22 + |x|2
)n−2
2
for x ∈ IRn.
Here ρ and R are positive numbers with 0 < ρ < R . In this case we have
(4.2) u
− 4
n−2
1 (0)− u
− 4
n−2
2 (0) = λ
2
1 − λ22 ,
and
(4.3)
∣∣∣∣▽ u− 2n−2i (x)
∣∣∣∣2 = 4|x|
2
λ2i
for x ∈ IRn and i = 1, 2.
It follows from (4.3) that
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(n+ 2)
∫
Ω2
|H(x, 0)|
[∣∣∣∣▽ u− 2n−2c (x)
∣∣∣∣2 −
∣∣∣∣▽ u− 2n−22 (x)
∣∣∣∣2
]
dx
≥ 4 (n+ 2)
∫
Bo(ρ)
|H(x, 0)|
(
r2
λ21
)
dx− 4 (n+ 2)
∫
Bo(R)
|H(x, 0)|
(
r2
λ22
)
dx
=
n+ 2
n− 2
[
ρ4
λ21
− R
4
λ22
]
,
where r = |x| . we have K(x) = 1 for |x| < ρ and
∫
Bo(R)\Bo(ρ)
|H(x, 0)| dx = R
2 − ρ2
2(n− 2) .
Using (3.9) we obtain
(4.4) sup
x∈Bo(R)\Bo(ρ)
|K(x)− 1|
≥ n− 2
2n
{
λ21 − λ22 +
n + 2
n− 2
[
ρ4
λ21
− R
4
λ22
]}
1
R2 − ρ2 .
In particular, we have the following results.
Proposition 4.5. Let λ1, λ2, ρ and R be as above. If
(4.6)
λ1
λ2
≤ ρ
2
R2
(
1
1 + λ22/R
2
)
,
then
sup
x∈Bo(R)\Bo(ρ)
|K(x)− 1| ≥ n+ 2
n
.
Proof. (4.6) is equivalent to
(4.7)
λ1
ρ2
≤ λ2
R2

1 +
(
λ2
R
)2
−1
.
Hence we have
ρ4
λ21
≥ R4
[
1 + λ22R
−2
λ2
]2
=
R4
λ22
+ 2R2 + λ22 .
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It follows that
n− 2
2n
{
λ21 − λ22 +
n+ 2
n− 2
[
ρ4
λ21
− R
4
λ22
]}
1
R2 − ρ2 ≥
n+ 2
n
.
This completes the proof. ⊓⊔
Proposition 4.8. Let λ1, λ2, ρ and R be as above. If
(4.9)
λ21
λ22
≥ 3(n+ 2)
2(n− 2)
(
1 +
R4
λ42
)
,
then
(4.10) sup
x∈Bo(R)\Bo(ρ)
|K(x)− 1| ≥ n+ 2
n
.
Proof. It can be seen that
(4.11) λ22 +
R4
λ22
≥ 2R2.
From (4.9) and (4.11) we have
(4.12) λ21 ≥
3(n + 2)
2(n− 2)
(
λ22 +
R4
λ22
)
≥ n+ 2
n− 2
(
λ22 +
R4
λ22
+R2
)
.
Hence the result follows from (4.4). ⊓⊔
Combining propositions 4.5 and 4.8, we obtain theorem A.
Remark 4.13. Let us introduce the depth factors
(4.14) k1 :=
ρ
λ1
and k2 :=
R
λ2
.
The depth factor is related to the functions u1 and u2 is the following way. Define
ui(r) :=
(
λi
λ2i + r
2
)n−2
2
for r ≥ 0 and i = 1, 2 .
It can be seen that
(4.15)
[
u1(0)
u1(ρ)
] 2
n−2
=
1
λ1[u1(ρ)]
2
n−2
= 1 + k21 .
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Similar expression holds for k2 . We see that the smaller the value of u1(ρ) (or the
deeper the bubble goes), the larger the depth factor.
(4.15) helps to shed light on condition (4.6) in proposition 4.5. We assert
that condition (4.6) is equivalent to the condition that
(4.16) u2(R) ≥ ν u1(ρ) ,
where ν is the number given by
(4.17) ν :=
(
k21 + 1
k21
)n−2
2
.
Observe that ν → 1 as k1 →∞ .
Condition (4.6) can be written as
(4.18)
λ2
λ1
≤ k
2
1
k22 + 1
.
Condition (4.16) is the same as
(4.19)
[
u2(R)
u1(ρ)
] 2
n−2 1
ν
2
n−2
≥ 1 .
From (4.15) and (4.19), we obtain
k21
k22 + 1
=
k21 + 1
k22 + 1
1
ν
2
n−2
=
λ2
λ1
[
u2(R)
u1(ρ)
] 2
n−2 1
ν
2
n−2
≥ λ2
λ1
.
That is, condition (4.6) is satisfied if u2(R) ≥ νu1(ρ) , and vice versa. We note
that the term νu1(ρ) is independent on u2 .
Remark 4.20. By applying the Kelvin transformation x 7→ ρ2x/|x|2 on u, we
come to a situation where there is a positive C2-function u˜ such that
u˜(x) = u˜2(x) :=
(
λ˜2
λ˜22 + |x|2
)n−2
2
for |x| < ρ2/R
and
u˜(x) = u˜1(x) =
(
λ˜1
λ˜21 + |x|2
)n−2
2
for |x| ≥ ρ .
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Here
λ˜i = ρ
2/λi for i = 1, 2 .
[See [20]. cf. also (5.5), (5.6) and (5.7) in §5; here u˜ has a removable singularity
at the origin because of the form of u2 .] From theorem A, assuming that either
(4.21)
λ1
λ2
≤ ρ
2
R2
(
1
1 + ρ2/λ21
)
, or
λ21
λ22
≥ 3(n+ 2)
2(n− 2)
(
1 +
λ41
ρ4
)
,
we have
sup
x∈Bo(R)\Bo(ρ)
|K(x)− 1| = sup
x∈Bo(ρ)\Bo(ρ2/R)
|K˜(x)− 1| ≥ n+ 2
n
.
Here K˜ is the K-function of u˜ and is given by K˜(x) = K(ρx/|x|2) for x 6= 0 . Thus
we may replace the conditions (1.6) by (4.21) in order to obtain the estimate (1.7).
We note that the results can be generalized into the situation when Bo(ρ) ⊂
Ω1 and Ω2 ⊂ Bo(R) , and similar technique can be applied to the eccentric case.
It is clear that, from (4.4), if the parameters ρ, R, λ2 are fixed, then
sup
x∈Bo(R)\Bo(ρ)
|K(x)− 1| → ∞ as λ1 → 0+.
5. Disjoint Domains
By a translation, in theorem B, we may take ξ2 = 0 . Thus let D1 and D2 be
disjoint open domains in IRn with
Bo(a) ⊂ D2 and Bξ1(r1) ⊂ D1
for positive number r1 and a, and for a point ξ1 ∈ IRn. Consider spherical solutions
u1(x) =
(
λ1
λ21 + |x− ξ1|2
)n−2
2
and u2(x) =
(
λ2
λ22 + |x|2
)n−2
2
for x ∈ IRn,
where λ1 and λ2 are positive numbers. Let uc be a positive C
2-function on IRn
such that
uc = u1 in D1 and uc = u2 in D2 .
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uc satisfies the equation
(5.1) ∆uc + n(n− 2)Ku
n+2
n−2
c = 0 in IR
n,
where K is the K-function of uc (cf. (1.4)). We use a Kelvin transform to bring
the setting into that of theorem 3.1. (cf. also example 5.25.)
The Kelvin transform of uc about the sphere of radius a and center at the
origin is given by
(5.2) u˜c(x) :=
(
a
|x|
)n−2
uc
(
a2x
|x|2
)
for x ∈ IRn \ {0} .
We find that u˜c satisfies the equation [20]
(5.3) ∆u˜c + n(n− 2) K˜u˜
n+2
n−2
c = 0 in IRn \ {0} ,
where
K˜(x) := K
(
a2x
|x|2
)
for x ∈ IRn \ {0} .
Lemma 5.4. Let u be a function defined on IRn, and let
u˜(x) :=
1
|x|n−2 u
(
x
|x|2
)
for x 6= 0
be the Kelvin transforms of u with center at the origin and radius one; and
u˜ξ2,a(x) :=
an−2
|x− ξ2|n−2 u
(
ξ2 +
a2(x− ξ2)
|x− ξ2|2
)
for x 6= ξ2 ,
be the Kelvin transforms of u with center at ξ2 and radius a > 0 . Then
u˜ξ2,a(x) =
an−2
|x− ξ2|n−2
∣∣∣∣ξ2 + a
2(x− ξ2)
|x− ξ2|2
∣∣∣∣2−n u˜


ξ2 +
a2(x−ξ2)
|x−ξ2|2∣∣∣∣ξ2 + a2(x−ξ2)|x−ξ2|2
∣∣∣∣2


for x 6= ξ2 .
Proof. We have
u(x) =
1
|x|n−2 u˜
(
x
|x|2
)
for x 6= 0 .
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Substitute into the expression for u˜ξ2,a we obtain the result. ⊓⊔
It follows from lemma 5.4 that, as x→ ξ2,
u˜ξ2,a(x)→
an−2
|x− ξ2|n−2
∣∣∣∣a
2(x− ξ2)
|x− ξ2|2
∣∣∣∣2−n u˜


a2(x−ξ2)
|x−ξ2|2∣∣∣∣a2(x−ξ2)|x−ξ2|2
∣∣∣∣2

 = 1an−2 u˜
(
x− ξ2
a2
)
.
By the assumption in theorem B and lemma 5.4, mindful also of the translation, u˜c
can be extended as a C2-function across the origin. Likewise, K˜ can be extended
as a continuous function, so that equation (5.3) is satisfied on the whole IRn. With
all this, compare also with theorem 7.9.
The Kelvin transforms of u1 and u2 about the sphere of radius a > 0 and
center at the origin are given by
(5.5) u˜1(x) :=

 λ1
λ
2
1 + |x− ξ1|2


n−2
2
for x ∈ IRn,
and
(5.6) u˜2(x) :=
(
a2λ−12
a4λ−22 + |x|2
)n−2
2
for x ∈ IRn,
respectively (see, for example, [20]). Here
(5.7) ξ1 =
a2 ξ1
λ21 + |ξ1|2
and λ1 =
a2λ1
λ21 + |ξ1|2
.
Let Ω1 denote the image of D1 under the inversion
x 7→ a2x/|x|2, x 6= 0 .
It follows that
u˜c = u˜1 in Ω1 and u˜c = u˜2 in IR
n \Bo(a) .
We seek a suitable point to apply (3.9).
The inversion x 7→ a2x/|x|2 sends a ball to a ball. Consider the line passing
16
through the origin and ξ1. It can be seen that the “inverted” ball of Bξ1(r1) has
diameter d given by
(5.8) d =
(
a2
|ξ1| − r1 −
a2
|ξ1|+ r1
)
=
2r1 a
2
|ξ1|2 − r21
.
(|ξ1| > r1 because Bo(a) and Bξ1(r1) are disjoint.) Assume that
r1 ≥ λ1 .
We have
a2|ξ1|
|ξ1|2 + r1|ξ1| ≤
a2|ξ1|
|ξ1|2 + λ21
≤ a
2|ξ1|
|ξ1|2 − r1|ξ1| .
Hence there exists a point ξ ∈ Bξ1(r1) such that
(5.9)
a2ξ
|ξ|2 =
a2ξ1
|ξ1|2 + λ21
= ξ¯1 .
From (5.5) and (5.9) we obtain
u˜1(a
2ξ/|ξ|2) =
(
1
λ1
)n−2
2
.
That is,
(5.10) u˜
−4
n−2
1 (a
2ξ/|ξ|2) = λ21 =
a4λ21
(λ21 + |ξ1|2)2
.
Moreover,
(5.11) u˜
−4
n−2
2 (a
2ξ/|ξ|2) = (λ
−2
2 |ξ|2 + 1)2a4λ22
|ξ|4 =
(
a
|ξ|
)4
(λ22 + |ξ|2)2
λ22
.
The following lemma can be verified by direct calculations.
Lemma 5.12. Given a point ξ ∈ IRn and a positive number λ, let
u(x) =
(
λ
λ2 + |x− ξ|2
)n−2
2
for x ∈ IRn.
We have
(5.13)
∣∣∣∣▽ u− 2n−2 (x)
∣∣∣∣2 = 4 |x− ξ|
2
λ2
for x ∈ IRn.
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Thus,
∣∣∣∣▽ u˜− 2n−21 (x)
∣∣∣∣2 = 4 |x− ξ1|
2
a4λ21
(λ21 + |ξ1|2)2 and
∣∣∣∣▽ u˜− 2n−22 (x)
∣∣∣∣2 = 4 |x|2λ22 a−4
for x ∈ IRn. In this case Ω2 = Bo(a) . It follows from lemma 3.7 that
(5.14) (n+ 2)
∫
Ω2
|H(x, a2 ξ/|ξ|2)|
∣∣∣∣▽ u˜− 2n−22 (x)
∣∣∣∣2dx
≤ 4 (n+ 2) λ22 a−2
∫
Bo(a)
|H(x, a2 ξ/|ξ|2)| dx ≤ 2
(
n + 2
n− 2
)
λ22 .
The inverted ball of Bξ1(r1) inside Ω1 contains a ball Bξo(ρ) with radius ρ = d/8 .
By choosing the center ξo suitably [cf. (5.8) and (5.9)], we have
|x− a2ξ/|ξ|2| = |x− ξ1| ≥ ρ for all x ∈ Bξo(ρ) .
Hence
(5.15) (n+ 2)
∫
Ω1
|H(x, a2 ξ/|ξ|2)| | ▽ u˜−
2
n−2
c (x)|2dx
≥ (n+ 2)
∫
Bξo (ρ)
|H(x, a2 ξ/|ξ|2)| | ▽ u˜−
2
n−2
1 (x)|2dx
≥ 4 (n+ 2) (λ
2
1 + |ξ1|2)2
a4λ21
∫
Bξo (ρ)
|H(x, a2 ξ/|ξ|2)| |x− ξ1|2 dx
≥ 4 (n+ 2) (λ
2
1 + |ξ1|2)2
a4λ21
ρ2
∫
Bξo (ρ)
|H(x, a2 ξ/|ξ|2)| dx
≥ 4(n+ 2) (λ
2
1 + |ξ1|2)2
a4λ21
ρ2
(
1
(n− 2)ωn
1
dn−2
)∫
Bξo (ρ)
dx
≥ 4(n+ 2) (λ
2
1 + |ξ1|2)2
a4λ21
ρ2
(
1
(n− 2)ωn
1
dn−2
)(
ωn
n
ρn
)
≥ 4(n+ 2)
n(n− 2)
1
8n+2
(λ21 + |ξ1|2)2
a4λ21
d4
=
4(n+ 2)
n(n− 2)
1
8n+2
(λ21 + |ξ1|2)2
a4λ21
(
24 r41 a
8
(|ξ1|2 − r21)4
)
≥ n+ 2
n(n− 2)
1
8n
a4
|ξ1|8
(λ21 + |ξ1|2)2
λ21
r41 .
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It follows from (3.9), (5.10), (5.11), (5.14) and (5.15) that
(5.16) sup
IRn\Bo(a)
|K − 1| = sup
Bo(a)
|K˜ − 1|
≥ n− 2
2n
a−2
[
a4λ21
(λ21 + |ξ1|2)2
+
n+ 2
n(n− 2)
1
8n
a4
|ξ1|8
(λ21 + |ξ1|2)2
λ21
r41
−
(
a
|ξ|
)4
(λ22 + |ξ|2)2
λ22
− 2
(
n+ 2
n− 2
)
λ22

 .
Let the positive numbers c, k and C be defined by the equations
(5.17) r1 = c λ1 , a = k λ2 , |ξ1| = Cλ2 ,
respectively. We obtain
a4λ21
(λ21 + |ξ1|2)2
=
k4λ42λ
2
1
(λ21 + C
2λ22)
2
=
k4λ21(
λ21
λ22
+ C2
)2 ,
a4
|ξ1|8
(λ21 + |ξ1|2)2
λ21
r41 =
k4λ42
C8λ82
(
λ21 + C
2λ22
)2
c4λ21 >
c4
C4
k4λ21 .
From (5.9) we have
|ξ| = |ξ1|+ λ
2
1
|ξ1| =⇒ |ξ| > |ξ1| .
Assume that k = a/λ2 ≥ 1 . It follows that
(
a
|ξ|
)4
(λ22 + |ξ|2)2
λ22
=
(
λ22
|ξ|2 + 1
)2
k4λ22 ≤
(
λ22
|ξ1|2 + 1
)2
k4λ22 ≤ 22k4λ22 ,
as |ξ1| > a ≥ λ2 . From (5.16) and the fact that a2 = k2λ22, we have
(5.18) sup
IRn\Bo(a)
|K − 1| = sup
Bo(a)
|K˜ − 1|
≥ n− 2
2n

 k2(
λ21
λ22
+ C2
)2 λ
2
1
λ22
+
n + 2
n(n− 2)
1
8n
k2
λ21
λ22
c4
C4
− 4 k2 − 2
(
n+ 2
n− 2
)
1
k2
]
.
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Observe that
k2(
λ21
λ22
+ C2
)2 λ
2
1
λ22
≤ k
2
4C2
=
a2
4|ξ1|2 ≤
1
4
.
Given a number σ ≥ 1, we seek conditions for the inequality
(5.19)
n + 2
n(n− 2)
1
8n
k2
λ21
λ22
c4
C4
− 4 k2 − 2
(
n+ 2
n− 2
)
1
k2
≥
(
n+ 2
n− 2
)
σ2
to hold. That is,
(5.20)
n+ 2
n(n− 2)
1
8n
λ21
λ22
c4
C4
≥ 4 +
(
n+ 2
n− 2
) [
2
k4
+
σ2
k2
]
.
As
c4
C4
=
λ42
λ41
r41
|ξ1|4 ,
(5.20) is equivalent to
(5.21)
λ22
λ21
≥ 8n |ξ1|
4
r41
[
4n(n− 2)
n + 2
+
(
2nλ42
a4
+
nσ2λ22
a2
)]
.
As λ2/a ≤ 1, (5.21) holds if
(5.22)
λ22
λ21
≥ 8nn |ξ1|
4
r41
[
4 + 2 + σ2
]
.
Hence we conclude that if
(5.23)
λ22
λ21
≥ 8nn |ξ1|
4
r41
(σ2 + 6) ,
and r1 ≥ λ1 and a ≥ λ2, then
(5.24) sup
IRn
|K − 1| ≥ n+ 2
2n
σ2.
Taking into the account of the translation, we obtain theorem B.
Example 5.25. Let
u(x) := u1(x) + u2(x) =
(
λ1
λ21 + |x− ξ1|2
)n−2
2
+
(
λ2
λ22 + |x|2
)n−2
2
for x ∈ IRn.
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In can be seen that [18]
(5.26) |K(x)− 1| ≤ 1− 24/(2−n) for x ∈ IRn.
Here K is the K-function of u . At points x ∈ IRn with u1(x) = u2(x), we have
K(x) = 24/(2−n) . Moreover,
(5.27) lim
|x|→∞
K(x) =
λ
n+2
2
1 + λ
n+2
2
2(
λ
n−2
2
1 + λ
n−2
2
2
)n+2
n−2
.
In particular, if λ1 = λ2, we have lim
|x|→∞
K(x) = 24/(2−n) .
We observe the decay behavior of u1 and u2 so that when |ξ1| is large
enough, the effect of u1 on u2 is small, and vice versa. Given positive numbers r1
and a, if |ξ1| ≫ 1 , applying the cut and glue-in technique (cf. §6) on u1 in a small
neighborhood of ∂Bξ1(2r1) , and on u2 in a small neighborhood of ∂Bo(2a) , one
obtains a positive smooth function uc such that
uc = u1 in Bξ1(r1) and uc = u2 in Bo(a) .
Denote by Kc the K-function of uc . [uc(x) = u(x) and Kc(x) = K(x) for x in a
large part of IRn, especially when |x| ≫ 1 .] The Kelvin transforms of uc and Kc
extend smoothly to the origin. Furthermore, even for small λ1 , large r1, and large
a/λ2, if ξ1 is far away, we still have
sup
IRn
|Kc − 1| ≤ 1− 24/(2−n) + ǫ ,
where the positive constant ǫ can be chosen to be as small as possible when |ξ1| →
∞ . This illustrates the importance of the factor |ξ1| in (5.23). On the other hand,
if |ξ1|/r1 is relatively small comparing to λ2/λ1 , then by theorem B, sup
IRn
|Kc − 1|
has to be large. We notice the dramatic alternation of u and uc in the latter
case. The sharp change in Kc is mainly introduced by the cut and glue-in process,
especially near the regions where u1 or u2 are small [ cf. (5.26)].
6. Glue-in the Bubbles
In §2 the development of bubbles is discussed. We seek to cut and glue a bubble on
the solution and keep track of the change in the K-function, trying not to disturb
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it too much. The key point appears to be finding a suitable place to cut and glue.
The glue-in argument is based on (2.9) and (2.10). We follow the notations in §2.
Let δ be the constant in (2.9) and δ := δ2/(n−2). We may assume that
δ < 1 . Given a positive number α such that 2(1 + α) < n , let ρM be a positive
number such that
(6.1) 2 δ
(n−2)(n−2−2α)
2(n+2) ≥
(
1
1 + ρ2M
)n−2
2
≥ δ
(n−2)(n−2−2α)
2(n+2) + δ
n−2
2 .
In particular, (
1
1 + ρ2M
)
≥ δ .
It follows from (6.1) that
(6.2)

( 1
1 + ρ2M
)n−2
2
− δ
n−2
2


n+2
n−2
≥ δ
n−2
2
−α
.
For a point y with |y| = λ ρM , we have
(6.3)
(
λ
λ2 + |y|2
)n−2
2
=
(
λ
λ2 + λ2 ρ2M
)n−2
2
=
(
1
1 + ρ2M
)n−2
2 1
λ
n−2
2
.
Here λ is the parameter in (2.9) and (2.10).
We may also assume that R is large enough such that ρM < R and that δ
is small enough so that, say, ρM > 100 (in §2, R can be taken arbitrarily large and
δ arbitrarily small). Let ρm := ρM − 10. Take a cut-off function φ ∈ C∞([0,∞))
so that φ ≥ 0 in [0,∞), φ = 1 in [0, λ ρm), φ = 0 in [λ ρM , ∞), |φ′| ≤ Cφ λ−1 and
|φ′′| ≤ Cφ λ−2 in [λ ρm, λ ρM ] for some positive constant Cφ. Let
(6.4) w(x) = φ (|x|) uλ ,o(x) + [1− φ (|x|)] u(x1 + x) for |x| < λR .
We have
∆w(x) = [uλ ,o(x)− u(x1 + x)]∆φ(x) + 2 [▽uλ ,o(x)−▽xu(x1 + x)] · ▽φ(x)
+φ(x)∆uλ ,o(x) + [1− φ(x)]∆xu(x1 + x)
= [uλ ,o(x)− u(x1 + x)]∆φ(x) + 2 [▽uλ ,o(x)−▽xu(x1 + x)] · ▽φ(x)
−n (n− 2)
[
φ(x) u
n+2
n−2
λ ,o (x) + [1− φ(x)]K(x1 + x) u
n+2
n−2 (x1 + x)
]
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for |x| < λR . Assume that
(6.5) |K − 1| ≤ ε in Bx1(λR) ,
where ε is a positive number. As w is a non-negative function in Bo(λR), there is
a function Kg ∈ C∞(Bo(λR)) (the K-function of w) such that
(6.6) ∆w + n (n− 2)Kg w
n+2
n−2 = 0 in Bo(λR) .
It follows that
(6.7) |Kg(x)− 1|
=
∣∣∣∣ ∆w(x)
n(n+ 2)w
n+2
n−2 (x)
+ 1
∣∣∣∣
≤ |∆φ(x)| |uλ ,o(x)− u(x1 + x)|
n(n+ 2)w
n+2
n−2 (x)
+
2| ▽ φ(x)| | ▽ uλ ,o(x)−▽x u(x1 + x)|
n(n+ 2)w
n+2
n−2 (x)
+
∣∣∣∣∣
u
n+2
n−2
λ ,o (x) + [1− φ(x)]
[
K(x1 + x) u
n+2
n−2 (x1 + x)− u
n+2
n−2
λ ,o (x)
]
{uλ ,o(x) + [1− φ(x)] [u(x1 + x)− uλ ,o(x)] }
n+2
n−2
− 1
∣∣∣∣∣
for x ∈ Bo(λ ρM) \Bo(λ ρm) . We have
(6.8) w
n+2
n−2 (x) = {uλ ,o(x) + [1− φ(x)] [u(x1 + x)− uλ ,o(x)]}
n+2
n−2
≥ [uλ ,o(x)− |u(x1 + x)− uλ ,o(x)|]
n+2
n−2
≥


(
1
1 + ρ2M
)n−2
2
− δ
n−2
2


n+2
n−2
1
λ
n+2
2
≥ δ
n−2
2
−α
λ
n+2
2
for x ∈ Bo(λ ρM) \Bo(λ ρm) . As φ is a radial function,
∆φ =
d2φ
dr2
+
n− 1
r
dφ
dr
,
where r = |x| . Together with the bounds on φ′ and φ′′, the fact that λρm ≤ |x| <
λρM , and (2.9), (2.10) and (6.8), we obtain
(6.9)
|∆φ(x)||uλ ,o(x)− u(x1 + x)|
n (n− 2)w n+2n−2 (x)
≤ C δ α
and
(6.10)
2| ▽ φ(x)|| ▽ uλ ,o(x)−▽x u(x1 + x)|
n (n− 2)w n+2n−2 (x)
≤ C δ α
for x ∈ Bo(λ ρM) \Bo(λ ρm) . As for the last term in (6.7), we have
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(6.11)
∣∣∣∣∣
u
n+2
n−2
λ ,o (x) + [1− φ(x)]
[
K(x1 + x) u
n+2
n−2 (x1 + x)− u
n+2
n−2
λ ,o (x)
]
{uλ ,o(x) + [1− φ(x)] [u(x1 + x)− uλ ,o(x)]}
n+2
n−2
− 1
∣∣∣∣∣
≤
∣∣∣∣ u n+2n−2λ ,o (x)− {uλ ,o(x) + [1− φ(x)] [u(x1 + x)− uλ ,o(x)]}n+2n−2
∣∣∣∣
w
n+2
n−2 (x)
+
|K(x+ x1)|
∣∣∣∣u n+2n−2 (x1 + x)− u n+2n−2λ ,o (x)
∣∣∣∣
w
n+2
n−2 (x)
+ |K(x+ x1)− 1|
u
n+2
n−2
λ ,o (x)
w
n+2
n−2 (x)
for x ∈ Bo(λ ρM) \Bo(λ ρm) . We note that
(6.12) x
n+2
n−2 − y n+2n−2 = n + 2
n− 2
∫ x
y
t
4
n−2 dt ≤ n+ 2
n− 2 x
4
n−2 |x− y| for x ≥ y ≥ 0 .
Also,
sup
Bo(λR)
u
4
n−2
λo =
1
λ2
and sup
Bo(λR)
u
4
n−2 ≤ 2
λ2
,
as λ is small. Hence we obtain
(6.13)
|K(x+ x1)|
∣∣∣∣u n+2n−2 (x1 + x)− u n+2n−2λ ,o (x)
∣∣∣∣
w
n+2
n−2 (x)
≤ Cλ−2 |u(x1 + x)− uλ ,o(x)|
w
n+2
n−2 (x)
≤ C ′ δ α
for x ∈ Bo(λ ρM) \Bo(λ ρm) . Using the left-hand-side inequality of (6.1), we have
(6.14) |K(x+ x1)− 1|
u
n+2
n−2
λ ,o (x)
w
n+2
n−2 (x)
≤ ε
(
1
1+ρ2m
)n+2
2 λ−
n+2
2
δ
n−2
2
−α
λ−
n+2
2
≤ 2 ε
(
1
1+ρ2
M
)n+2
2
δ
n−2
2
−α
≤ 2 2nn−2 ε
for x ∈ Bo(λ ρM) \ Bo(λ ρm) . Here we make use of the fact that ρM ≥ 100 and
ρm = ρM − 10 . Likewise, using (6.12) and (2.9), we obtain
(6.15)
∣∣∣∣ u n+2n−2λ ,o (x)− {uλ ,o(x) + [1− φ(x)] [u(x1 + x)− uλ ,o(x)]}n+2n−2
∣∣∣∣
w
n+2
n−2 (x)
≤ Cλ−2 |u(x1 + x)− uλ ,o(x)|
w
n+2
n−2 (x)
≤ C ′ δ α
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for x ∈ Bo(λ ρM) \Bo(λ ρm) . Finally, we glue in the bubble and see that
u(x1 + x) = uλ, o(x) for |x| ≤ λ(ρM − 10) .
It follows from (6.5), (6.7), (6.9), (6.10), (6.11), (6.13), (6.14) and (6.15) that
(6.16) |Kg − 1| ≤ C max {ε , δ α}
in Bo(λ ρM) . Here C is a positive constant that depends on n, 1 + ε and Cφ only.
For applications in §7, we note that ρM can be chosen to be large when δ is small
and R is large.
7. Estimates at the Singularity
Let v be a positive smooth solution of the equation
(7.1) ∆v + n(n− 2)K˜v n+2n−2 = 0 in IRn.
Consider the Kelvin transform
(7.2) u(x) :=
v(y)
|x|n−2 , and K(x) := K˜(y) , where y :=
x
|x|2 , x 6= 0 .
We know that u satisfies the equation
(7.3) ∆u+ n(n− 2)Ku n+2n−2 = 0 in IRn \ {0}.
We assume that
(7.4) lim
x→0
K(x) = 1 and |x| · | ▽K(x)| ≤ C for x ∈ Bo(1) \ {0} .
It follows from the fact that K is bounded near infinity and the limit in (7.4) that
(7.5) |K(x)− 1| ≤ κ2 for y ∈ IRn \ {0} ,
where κ is a positive constant. Condition (7.4) is equivalent to
(7.6) lim
y→∞
K˜(y) = 1 and |y| · | ▽ K˜(y)| ≤ C for y ≥ 1 .
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Assume that u does not satisfy the slow decay estimate
u(x) ≤ Co|x|−n−22
for x close to (but not equal to) the isolated singularity at the origin. As discussed
in §2, bubbles develop and they are described by (2.9) and (2.10). We choose a
small δ and large R as in §2, there is a bubble with center at ξ2 which satisfies
(2.9) and (2.10). Applying the cut and glue-in process in §6, we may replace u by
another positive smooth function which differs from u only on small neighborhood
of ξ2, and because of this we still denote the new function by u, such that
(7.7) u(x) =
(
λ2
λ22 + |x− ξ2|2
)n−2
2
in Bξ2(a) .
Here
a = (ρM − 10) λ2 ,
where ρM is the constant in (6.1). Furthermore, by the choice of δ and R, we have
a ≥ λ2 . (Actually we may have a≫ λ2 .)
We choose another set of numbers δ′ (small) and R′ (large). There exists
a bubble with center at ξ1 . Similar to the above discussion, we may assume that
(7.8) u(x) =
(
λ1
λ21 + |x− ξ1|2
)n−2
2
in Bξ1(r1) ,
where
r = (ρ′M − 10) λ1 ,
and ρ′M is the constant in (6.1) defined by δ
′ . We also have r ≥ λ1 . By choosing ξ1
close to the origin, we may assume that Bξ2(a)∩Bξ1(r1) = ∅ . We may also assume
that r1/λ1 and a/λ2 are large. With δ to be small and R large, and ξ1 and ξ2 close
to the origin, it follows from (6.16) and (7.4) that (7.5) remains valid.
Under the Kelvin transform with center at the origin and radius 1, the
origin, which is a regular point for both v and K˜, is sent to infinity. When we
apply the Kelvin transform with center at ξ2 and radius a (cf. lemma 5.4), the
result is that the infinity is sent to ξ2 . It can be seen that the center ξ2 is a regular
point for the Kelvin transforms of u and K with center at ξ2 and radius a. An
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argument toward this observation is similar to the proof of lemma 5.4.
We seek to apply the conclusion in theorem B. As the origin in equation
(7.3) is a singularity for u, after the Kelvin transformation with center at ξ2 and
radius a, there is an isolated singularity at (ξ2 + a
2ξ2/|ξ22 |) ∈ Bξ2(a) . Thus theorem
3.1 may not apply. Consider the following extension of the representation formula
with a point singularity.
Theorem 7.9. Let Ω be a bounded domain in IRn with smooth boundary ∂Ω .
For a fixed point p ∈ Ω , consider a function u ∈ C2(Ω \ {p}) . Assume that there
exist positive constants µ , ν ∈ (0, 1) , C1, C2, and a small positive number δ with
Bp(δ) ∈ Ω, such that
(7.10) |∆u(x)| ≤ C1|x− p|n−1+µ , |▽u(x)| ≤
C2
|x− p|n−1−ν for x ∈ Bp(δ)\{p} .
Then for any ξ ∈ Ω \ {p} , we have
(7.11) u(ξ) =
∫
Ω
H(x, ξ)∆u(x) dx+
∫
∂Ω
[
u(x)
∂H(x, ξ)
∂nx
−H(x, ξ) ∂u(x)
∂nx
]
dSx .
Proof. Given a point ξ ∈ Ω \ {p} , and a small positive number ε such that
Bp(ε) ∩ Bξ(ε) = ∅ , let Ωε = Ω \ {Bξ(ε) ∪ Bp(ε)} . Applying Green’s identity we
obtain
(7.12)
∫
Ωε
H(x, ξ)∆u(x) dx =
∫
∂Ω
[
H(x, ξ)
∂u(x)
∂nx
− u(x) ∂H(x, ξ)
∂nx
]
dSx
+
∫
∂Bξ(ε)
[
H(x, ξ)
∂u(x)
∂nx
− u(x) ∂H(x, ξ)
∂nx
]
dSx
+
∫
∂Bp(ε)
[
H(x, ξ)
∂u(x)
∂nx
− u(x) ∂H(x, ξ)
∂nx
]
dSx .
Here n is the unit outward normal to ∂Ωε . It is known that ([12], loc. cit.)∫
∂Bξ(ε)
[
u(x)
∂H(x, ξ)
∂nx
−H(x, ξ) ∂u(x)
∂nx
]
dSx → u(ξ) as ε→ 0+.
Furthermore, as p 6= ξ, we have
(7.13)
∣∣∣∣
∫
Bp(ε)\{p}
H(x, ξ)∆u(x) dx
∣∣∣∣ ≤ C
∫
Bp(ε)\{p}
|∆u(x)| dx
≤ C1
∫ ε
0
r−µ dr =
C1
1− µε
1−µ → 0
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as ε→ 0+. It follows from (7.10) that
(7.14) |u(x)| ≤ C2|x− p|n−2−ν for 0 < |x− p| < δ .
Considering (7.10) and (7.14), we have
∣∣∣∣
∫
∂Bp(ε)
[
H(x, ξ)
∂u(x)
∂nx
− u(x) ∂H(x, ξ)
∂nx
]
dSx
∣∣∣∣
≤ C3
∫
∂Bp(ε)
∣∣∣∣∂u(x)∂nx
∣∣∣∣ dSx + C4
∫
∂Bp(ε)
|u(x)| dSx
≤ C5(ε1+ν + εν)→ 0
as ε→ 0+. Thus by letting ε→ 0+ in (7.12) we obtain (7.11). ⊓⊔
The main assumption to apply theorem 7.9 on v in (7.1) is the following.
(7.15) | ▽ v(y)| ≤ C|y|−α for |y| ≫ 1 ,
where α is a positive constant. We also assume, for the moment, that
(7.16) v(y) ≥ c |y|−(n−2)/2 for |y| ≫ 1 .
It follows from (7.15) that
(7.17) v(y) ≤ C1|y|1−α for |y| ≫ 1 .
Recall that u(x) = |x|2−n v(x/|x|2) for x ∈ IRn \ {0} . By a direct calculation we
obtain
| ▽ u(x)|2 ≤ C2
[
|x|−2(n−1) v2(y) + |x|−2n | ▽ v(y)|2
]
≤ C3|x|2n−2α for 0 < |x| < 1 ,
where y = x/|x|2 for x 6= 0 . From (7.16) we have
(7.18) u(x) ≥ C4|x|n−22 for |x| > 0 small .
Thus we obtain
(7.19) | ▽ u−4/(n−2)(x)| =
∣∣∣∣▽u(x)
u
n+2
n−2
∣∣∣∣ ≤ C5|x|n−22 −α for |x| > 0 small .
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Likewise, we have
(7.20)
| ▽ u(x)|2
u
2n
n−2
≤ C6|x|n−2α for |x| > 0 small .
It follows from (3.4), (7.3), (7.4) and (7.20) that
(7.21) |∆u−4/(n−2)(x)| ≤ C7|x|n−2α for |x| > 0 small .
We also observe that∣∣∣∣▽ u− 2n−2 (x)
∣∣∣∣2 ≤ C8|x|n−2α for |x| > 0 small .
As the Kelvin transform with center at ξ2 and radius a does not change the
essential features of the singularity at the origin, from (7.19) and (7.21), we may
apply theorem 7.9.
We proceed to add a “base” function to v so that the lower bound (7.16)
is fulfilled. Let vb be given by
(7.22) vb(x) = (|x|2 + 1)(2−n)/4 for x ∈ IRn.
The K-function of vb is given by
(7.23) Kb(x) =
1
2
(
1− n+ 2
2n
|x|2
|x|2 + 1
)
for x ∈ IRn.
(See, for example, [17], where the constant n(n− 2) is present because of scaling.)
In particular
(7.24)
n− 2
4n
≤ Kb(x) ≤ 1
2
for x ∈ IRn.
vb satisfies the equation
(7.25) ∆ vb + n(n− 2)Kb v
n+2
n−2
b = 0 in IR
n.
We have
(7.26) 2−(n−2)/4|x|−(n−2)/2 ≤ vb(x) ≤ |x|−(n−2)/2 for |x| ≥ 1 ,
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and
(7.27) | ▽ vb(x)| ≤
(
n− 2
2
)
|x|−n/2 for |x| ≫ 1 .
(Or else we may use one of the glued-functions similar to those described in [19],
which is less explicit but with the K-function closer to 1 .)
Consider
vc = v + vb in IR
n.
The K-function of vc is given by
K˜c = − ∆v +∆vb
n(n− 2)(v + vb)
n+2
n−2
=
K˜v
n+2
n−2 +Kb v
n+2
n−2
b
(v + vb)
n+2
n−2
in IRn.
Using (7.24) and the inequalities
(7.28) s
n+2
n−2 + t
n+2
n−2 ≤ (s+ t)n+2n−2 and (s+ t)n+2n−2 ≤ 2 4n−2
(
s
n+2
n−2 + t
n+2
n−2
)
for non-negative numbers s and t, we obtain
(7.29) min
{
1− κ2, min {(n− 2)/(4n) , 1− κ
2}
24/(n−2)
}
≤ K˜c ≤ max {1 + κ2 , 1/2}
in IRn. Furthermore,
(7.30) vc(x) ≥ vb ≥ 2−(n−2)/4 |x|−(n−2)/2 for |x| ≫ 1 .
Under the assumption in (7.15), we have
(7.31) | ▽ vc(x)| ≤ | ▽ vb(x)|+ | ▽ v(x)| ≤ C|x|−α for |x| ≫ 1 .
Here we set 0 < α ≤ n/2 . That is, vc satisfies the conditions (7.4), (7.15) and
(7.16). What remains is to show that the essential features of the bubbles are not
altered by adding vb to v.
Let uc, u and ub be the Kelvin transforms of vc, v and vb, respectively, and
Kc the K-function of uc, which is given by
(7.32) Kc(x) = K˜c(x/|x|2) for x ∈ IRn \ {0} .
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As u does not have slow decay, and K satisfies the conditions in (7.4), bubbles
develops according to (2.9) and (2.10). By (7.26) and (7.27), we have
(7.33) ub(x) ≤ |x|−(n−2)/2 and | ▽ ub(x)| ≤
(
(n2 − 4)√n
2
)
|x|−n/2
for |x| > 0 close to zero. From the blow-up analysis in (2.7), (2.9) and (2.10), the
distance between xo and x1 is at most cn λ, where cn is a positive constant that
depends on n only (cf. [15]). In (2.9) and (2.10), we add the bound
(7.34) |y| ≤
(
dε(xo)
2λ
)
λ =
1
2
dε(xo) .
Note that, by (2.7),
dε(xo)
2λ
≥ M
2/(n−2)
ε
2
,
which can be made arbitrarily large [cf. (2.3)]. By using (7.33) we obtain
(7.35) ub (x1 + y) ≤ [dε(xo)/4]−(n−2)/2 ≤ 2n−2 λ
2−n
2
Mε
for |y| ≤ 1
2
dε(xo) .
Likewise
(7.36) | ▽ ub (x1 + y)| ≤ 2
n−1(n− 2)
M
n/(n−2)
ε
λ−
n
2 for |y| ≤ 1
2
dε(xo) .
Given a small positive number δ, consider δ/2 . Select a large positive number R
so that (6.1) if fulfilled. By the blow-up analysis, there exists a positive constant
C such that if Mε ≥ C, then (2.9) and (2.10) hold for δ/2 (and hence also for δ).
Choose Mε to be large enough so that
M2/n−2ε
2
≥ R , which implies dε(xo)
2
≥ Rλ .
From (7.35) and (7.36), if we add the base function to u, (2.9) and (2.10) remain
valid for uc with the constant δ, for |y| < λR ≤ dε(x2)/2 .
Hence we may assume that u satisfies the lower bound (7.16). By choosing
slightly smaller a and r1 if necessary, we may assume that (7.7) and (7.8) are
satisfied. Thus we are justified to apply theorem 7.9. The arguments in §3 and §6
lead to similar condition (1.8) for estimate (1.9) to hold. As ξ1 and ξ2 are close to
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the origin, we have |ξ1 − ξ2| ≤ 1 . It follows from (7.29) and (1.9) that there exists
a positive constant C(n, κ) that depends on κ and n only, such that
(7.37)
λ22
λ21
≤ C(n, κ)
r41
.
That is,
(7.38)
r41
λ21
≤ C(n, κ)λ−22 .
In order to obtain (7.38), the conditions are (7.4) for K, and (7.15) for v, together
with the assumption that v does not have the slow decay. Fixing λ2 in (7.38), we
obtain, roughly speaking, that there are no “deep rooted” bubbles close to the
origin. That is, r21 cannot be relatively large comparing to λ1 .
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